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Let P be a polynomial. As in the article [J. Coquet, J. Number Theory 10 (1978), 
291-2961, we find a necessary and suEicient condition for some subsequences of 
(P(n)) to be uniformly distributed modulo one. These subsequences are defined 
by properties of the q-adic expansion of n. 
I. INTRODUCTION 
I. 1. Preliminaries 
As in [3], any real polynomial P such that P - P(0) has one irrational 
coefficient at least will be called an irrational polynomial. 
Let q be an integer 32. It is known that every natural integer IZ has the 
expansion 
n = E e,(n) qT, 
T=O 
where e,(n) E to,..., 4 - 11 for every r E N. 
Let d C (O,..., q - l} and 6 = # d. We assume that 
64 0 E 4 
(b) 8 > 2. 
SB(q; d) denotes the set {n E N/Vr E N, e,(n) E d). In [3] we proved: 
THEOREM 1. Let P be an irrational polynomial. Assume that conditions 
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1.2. Result 
Our purpose is to prove a similar theorem with the hypothesis 0 4 d. Set 
v = v(n) = [Log n/Log q]. Plainly, e,(n) = 0 if r > v + 1 so that we must 
consider the significative digits of rz only: 
n = i e&l) q’. 
7=0 
Assuming that d C {O,..., q - 1) is such that 
(a’) 0 $ d (so that 6 < q), 
(b) 8 > 2 
we set 9(q; d) = {n E N/Vr < v(n), e,(n) E d). We obtain: 
THEOREM 2. Let P be an irrational polynomial. Suppose A satisfies both 
conditions (a’) and(b). Then, the sequence (P(n))n.P(ezd) is uniformly distributed 
modulo one. 
IT. THE IDEAS OF THE PROOF 
The proof is similar to that of Theorem 1, but, as we shall see in Section 
11.1.3., we are led to introduce a new class of arithmetical functions. 
II. 1. S-Quasi-additive and S-Quasi-multiplicative Functions 
6 denotes a natural integer 32. 
11.1.1. An expansion of k. Let k E RJ *. Clearly, there is a unique p = 
p(k) E N such that 
1+s+ .-- + SD < k < 6 + .a. + Sp+l. 
It is easy to verify that we can define the finite sequence (b:(k),..., b:(k)) 
by the conditions 
b;(k) ~{l,..., S} Vr E FL, ~1, and k = b:(k) + Sm, , 
and 
m, = b,*,& + Sm,+l , Vr E {O,..., p - 11, 
246 JEAN COQUET 
where m, ,..., M, are natural integers. This sequence is unique and 
k = i b;(k) 6’. 
5-O 
II. 1.2. DEFINITIONS. A function f: N * -+ C is said to be &quasi-additive if 
there is a sequence (a&,, of functions 
ug : {l,..., S} --+ C 
such that 
f(k) = i 4;(k)) for every k E @*. 
5-O 
For instance, f(k) = OJC is a-quasi-additive. 
A function g: N* + C is said to be 8-qausi-multiplicative if there is a 
sequence (QcN of functions 
e, : {I,..., S} -+ @ 
such that 
These definitions are similar to those of a-additive and &multiplicative 
functions [5], but the expansion of k we consider here is not the usual 
&adic expansion of k we used in [3]. 
11.1.3. Remark. Let d be such that (a’) and (b) hold. Let (#(k))tiN+ denote 
the increasing sequence Q(q; d). Let d(l) < d(2) < *.. < d(S) denote the 
elements of d. 
If k = XL0 l&k) 8, we have 
#(k) = i @j*(k)) qj. 
5-O 
11.2. Summary of the Proof 
Put e(x) = eBiax. From Remark II. 1.3. and the Weyl Criterion, we have 
to prove that e(P(#(k))) h as a zero mean-value. The proof of this result, 
which is done in Section IV, uses the ideas developed in [3]; we shall not 
detail it. In Section III, we briefly study S-quasi-multiplicative functions. 
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III. SOME RESULTS ON &QUASI-ADDITIVE AND 
~-QUASI-MULTIPLICATIVE FUNCTIONS 
We only prove three results to be used in Section IV. 
III. 1. A Proposition 
The following proposition is analogous to a lemma concerning q-additive 
functions proved by Besineau [l]. 
PROPOSITION 1. Let f be a &quasi-additive real-valued function and let 
t E IW *. There is a partition B = (3 ) ,,, mN* of N*, where each ‘3,,, is an arithme- 
tic progression and there is a sequence (A,J4noN* of real numbers such that 
VmeN*,VkEgm,f(k+t)-f(k) =h,. 
Proof. Let t = zi-,, fij 8 be the usual Cadic expansion of t. Let k = 
zk bT(k) 8 be th e expansion of k as in Section II. 1.1. We set u = Sv+l - t 
k, = k if p < v, 
= i b:(k) 6’ 
GO 
if p > v. 
First case. 1 < k, < u. f(k + t) -f(k) =f(kI + t) -f(k& so that, if 
k E k, + GV+%J,f(k + t) -f(k) is constant. 
Secondcase. u<k,<8+.**+8Y+1. If l<b:+;,(k)<6--1, i.e., if 
k E k, + a@+” + 8’+*N (1 < a < 6 - l), 
f(k + t) -f(k) = f(k, + asV+l + t) - f(k, + aS”+l). 
Ifb~+,,(k)=6and1~b~+,(k)~6-l,i.e.,ifkek,+6~s”-~1+a~GYfa+ 
sY+W (1 < a < 6 - l), 
f(k + t) -f(k) = f(k, + t + 8v+2 + atifs) - f(k, + @+z + a6Yf2). 
More generally, if k E k, + 6 . @+I + . . . + 6 . 6y+c + a@+c+~ + 6y+o+ZN, 
where1 <a,<6--landc>l, 
f(k + t) -f(k) is constant. 
111.2. Mean-Value of 8-Quasi-multiplicative Functions 
Let g be a &quasi-multiplicative function. Using the notations of Section 
11.1.2., we set 
I-IO = 1 
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and, for r E N *, 
We assume that 
Vje N, Va E {I ,..., S}, I Ual G 1. 
111.2.1. Mean- Value on N * 
PROPOSITION 2. A necessary and suflcient condition for g to have a zero 
mean-value on N* is that 
The proof requires the following lemma, similar to a lemma of Delange [5]: 
LEMMA. For every k E N *, 1 L-I g(m)1 < cf;l”: br(k) 6i 1 I$ I. 
Proof of the lemma. The lemma is easily established by induction on p. 
Proof of Proposition 2. From the lemma, it is easy to verify that, if 
n,. + 0, g has a zero mean-value. 
Conversely, if g has a zero mean-value, 
and 
C{g(m), 1 <m <6+62++..+S0} =o(P+l) 
C {g(m), 1 < m ,< S + 6’ + -*a + iY+l} = 0(6’+l), 
so that 
P’flIID, = C { g(m), 1 + *a. + 6” < m < 6 + --- + a’+l} = O(8°+1). 
111.2.2. Mean- Value on Arithmetic Progressions 
Set g = e(f), where f is a real-valued S-quasi-additive function. The 
notations are those we introduced in Section II. 1.2. With the help of Proposi- 
tion 2, we prove: 
PROPOSITION 3. If clz: xi=1 I( q(a)ll” = + 03, g has a zero mean-value on 
every arithmetic progression GN + d, c E N, d E N *. 
Proof. If C3+_mO EL II uj(a)lla = + 03 for every c B N IJ.Q~~ ((W) CL 
B,(a)) --f 0 as r -+ co. Set h,(k) = g(k)e(vk) so that h, is 6-quasi-multiplicative. 
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Foreveryv=zW,cf:N,z~(O ,..., SC - l}, n;; ((l/6) & B&)e(vu Sj)) --t 0 
as r -+ co so that, from Proposition 2, h, has a zero mean-value on N. Thus 
g has a zero mean-value on every arithmetic progression 8% + c. 
IV. PROOF OF THEOREM 2 
Let 1 E N*. As in [3], we set 
El = {P(x) = a0 + e.1 + o!,xU/Max{i/oli $ Q} = I}. 
Here, the induction hypothesis Hl will be: 
If P E El , the function e(P(#(k)) has a zero mean-value on 
every arithmetic progression 694 + d. 
IV.1. Proof of HI . As in [3], we need to prove that, if j3 6 Q, the function 
&3$(Q) has a zero mean-value on every arithmetic progression 6% + d. 
This is ensured by the fact that 
4-m 8 
IV.2. Proof of HE + H,+,(Z E N *). The proof goes as in [3], but we remark 
that the arithmetic progressions Snt , defined in Proposition 3, are of the 
form 8W + d. 
V. REMARKS 
V.l. It is possible to make a detailed study of 6-quasi-multiplicative 
functions, similar to that made by various authors [l-5] for d-multiplicative 
functions. 
V.2. ForeveryroN,letd,C{l,..., q - l} such that # d, > 2.9(q; (A,)) 
denotes (n E N/Vr < v(n), e,(n) E 4,) It is possible to generalize Theorem 2 
to the sequence d(q; (A&). 
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